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Abstract 

Let r > 2 and c > 0. Every graph on n vertices with at least cn r cliques on r vertices 
contains a complete r-partite subgraph with r — 1 parts of size \c T log nj and one part of 
size greater than n 1_cr . This result implies the Erdds-Stone-Bollobas theorem, the essential 
quantitative form of the Erdds-Stone theorem. 
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rn ■ Main results 

> : 

This note is part of an ongoing project aiming to renovate some classical results in extremal graph 
! theory, see, e.g., [SJ, [HI US]- 

Recall a result of Erdos and Stone [7] : every graph with n vertices and \cn 2 ] edges contains a 
complete bipartite subgraph with each part of size [a log n\ , where c, a > are independent of n. 

One generalization of this result stems from the fundamental theorem of Erdos and Stone [7j: 
every graph with n vertices and — 1/r + c) n 2 /2] edges contains a complete (r + l)-partite graph 
with each part of size g (r, c, n) , where, for r and c fixed, g (r, c, n) tends to infinity with n. In [3] 
Bollobas and Erdos found that g (r, c, n) = 6 (logn) , and in [2], [1], [6], and [8] the function g (r, c, n) 
^ \ was determined with great precision. 

In this note we deduce the Erdos-Stone-Bollobas result from weaker premises. Also, in our setup 
c may be a function of n, say c = 1/ In Inn and the bounds on g(r,c,n) remain meaningful; such 
results are beyond the scope of the papers mentioned above. 

Our notation follows [1]. Thus, K r (si, . . . , s r ) denotes a complete r-partite graph with parts of 
size si, . . . ,s r , and an r-clique is a complete subgraph on r vertices. We write E (G) for the edge set 
of a graph G and K r (G) for the set of its r-cliques; we let e (G) = \E (G)\ and k r (G) = \K r (G)\. 

Given M C K r (G) , we write K s (M) for the set of s-cliques contained in members of M. Given 
a subgraph H C G such that H = K r (sx, ■ ■ ■ , s r ), we say that M covers HUE (H) C K 2 (M) and 
H contains min {si, . . . , s r } disjoint members of M. 
Here is our main result. 

Theorem 1 Let r > 2, c r lnn > 1, and G be a graph with n vertices. Every set of at least cn r 
r-cliques of G covers a K r (s, . . . s, t) with s = \ c r In n\ and t > n 1 ^^ . 



1 



Remarks 

- Using random graphs, it is easy to see that most graphs on n vertices contain no complete 
bipartite subgraphs with both parts larger than Clogn, for some C > 0, independent of n. 
Hence, Theorem [1] is essentially best possible. 

- Theorem [1] implies the Erdos-Stone-Bollobas theorem. Indeed, in j9] (see also Problem 
11.8) it is proved that if k s (G) > 0, then 

(s + 1) k s+1 (G) n sk s (G) n 



sk s (G) s ~ (s — 1) k 8 -x (G) s-1 

Thus, if e (G) > (1 — 1/r + c) n 2 /2, we find that k r+ i (G) > (c/r r ) n r+1 , and so G contains a 
K r+ i (s, . . . s, t) with 

s = [( c /r r ) r+1 lnn\ , t > n 1 '^^ . 

This is slightly stronger than the Erdos-Stone-Bollobas result and is comparable with those 
established in [3]. 

The exponent 1 — c r_1 in Theorem [1] is not the best one, but is simple. 



We deduce Theorem [T] from a routine lemma, proved here for convenience. 

Lemma 2 Let F be a bipartite graph with parts A and B. Let \A\ = m, \B\ = n, r > 2, (lnn) _1 ^ r < 
c < 1/2, and s = [c r \nn\ . If s < (c/2) m + 1 and e(F) > cmn, then F contains a K 2 (s,t) with 
parts S C A and T C B such that 15*1 = 5 and \T\ = t > n l ~ cr . 

Proof Let 

t = max {x : there exists K 2 (s, x) C F with part of size s in A} . 

For any X C A, write d (X) for the number of vertices joined to all vertices of X. By definition, 
d (X) < t for each X C A with \X\ = s; hence, 

?)> E ^W=E( d( ; ) )' W 

b J XdA,\X\=s u£B \ b / 

Set 

( \ = S if x - s - 1 

nX) { 6 ifx<s-l, 
and note that / (x) is a convex function. Therefore, 

s(T)-S'(-«)^(sS- w )--(^" , )^(T 
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Combining this inequality with ([I]), and after rearranging, we find that 

cm (cm — 1) • ■ ■ (cm — s + 1) / cm — s + l\ s /c 

t>n y - { ± r 1 >n[ >ra - 

m (m — 1) ■ • ■ (m — s + lj \ m J \2 

> n ( e M c /2)) Crlnn = n l+c r ln(c/2) = n l+2c-- 1 (c/2)ln( C /2) > 

Since c/2 < 1/4 < 1/e and xlnx is decreasing for < x < 1/e, we see that 

t > ^l+SC- 1 (c/2) In c/2 > n l+c'- 1 (l/2)l n l/4 > 

completing the proof. □ 

Proof of Theorem ffl Let M G K r (G) satisfy |M| > cra r . To prove that M covers a K r (s, . . . s, t) 
with s = \ c r In raj and t > ra 1_cr , we use induction on r. 

Suppose r = 2 and let A and be two disjoint copies of V (G) . Define a bipartite graph F with 
parts A and B, joining u G A to f G B if w G M. Set s = |_c 2 lnnj and note that s < (c/2) n + 1. 
Since e (F) = 2 |M| > era 2 , Lemma [2] implies that F contains a K(s,t) with t > ra 1 ~ c . Hence M 
covers a F2 (s, t) , proving the assertion for r = 2. Assume the assertion true for 2 < r' < r. 

For a set iV C K r (G) and a clique i? G K r _i (N) let <ijv be the number of members of iV 
containing R. We first show that there exists L C M with |L| > (c/2) n r such that (i^ (i?) > era for 
all R G -Kr-i (L) . Indeed, set L = M and apply the following procedure. 

While there exists an R G K r _i (L) with (R) < cn do 
Remove from L all r-cliques containing R. 

When this procedure stops, we have d L (R) > cn for all R G K r -\ (L) and also 



IMI - \L\ < cn (M)| < era < -n r < -n r 

1 1 1 1 - Jl ~ \r-l r- 1 ! _ 2 



implying that |L| > (c/2)ra r , as claimed. 
Since F r _i (L) C i^ r -i (G) and 

l-Kr-i (^) I > r \L\ /n>r (c/2) n r /n = (rc/2) n 1 " 1 , 

the induction assumption implies that K r _\ (L) covers an H = K r _i (m, . . . , m) with m = [(rc/2) r_1 In raj 

For a subgraph X C G and a vertex v G V (G) , write X + v for the subgraph of G induced 
by V (X) U {v}. Let A be a set of m disjoint (r — l)-cliques in H that are members of K r _\ (L) . 
Define a bipartite graph F with parts A and S = V (G) , joining R&A to v&B if R + v&L. Set 
s = |_c r In raj . Since di (R) > cn for all R G K r _i (L) , we have e (F) > cram. Also, we find that 

s < c r lnra < (c/2) (rc/2) r_1 lnra < (c/2) [(rc/2) r_1 In raj + 1 = (c/2) m + 1. 

Lemma [2] implies that there exists F 2 (s, t) G F with parts Sci and T G B such that |SJ = s 
and |T| = £ > n 1 ^^ . Let if* be the subgraph of H induced by the union of the members of S; 
clearly, H* = K r _\ (s, . . . ,s). Since R + v G L for all v G T and R G K r -i (if*) , we see that L 
covers a K r (s, . . . , s, t), completing the induction step and the proof. □ 
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Concluding remarks 



Finally, a word about the project mentioned in the introduction: in this project we aim to give 
wide-range results that can be used further, adding more integrity to extremal graph theory. 

Acknowledgement Thanks to Bela Bollobas, Sasha Kostochka, and Cecil Rousseau for helpful 
discussions. 
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